When quantizing the classical Hamiltonian H (q,p,t) = [m2 c* + (c p -e A(t,q))2Y 2 + e V(t, q), commutators of the form [f (a), g{b)], where [a,b] is not a c-number, have to be evaluated. The concept of continuously symmetrized products enables us to derive a number of statements, such as a continuity equation for the density operator S{q{t)-x)=n(t, x), in a formally concise way. We can also show, then, that the dependence of the Hamiltonian on higher powers of the kinetic momentum destroys the relativistic invariance of the theory, even if we admit a more general coupling of the external potentials than above.
I. Introduction
A series of publications have treated bound sys tems with relativistic kinematics by the eigenvalue equation y/m2c * -h 2c2V21 1/ (x) + U(x)ij/(x)=EiJ/ (*), f (dx)|iA(x)|2 = l (1) with U(x) being the Coulomb potential [1, 2] , or a different potential, modelling, for instance, bound quarks in a confining potential [3] [4] [5] . We find it neces sary to emphasize that the underlying Schrödinger equation + eV(t,x)il/(t,x),
which has also been discussed in a recent paper by Trübenbacher [2] and by ourselves [6] , does not have a relativistieally invariant meaning. This has been shown, as early as 1963, by Sucher [7] for scalar fields ip(t,x), transforming locally under boosts [8] . How ever, Sucher left open the question [9] whether the same would be true for a non-local transformation behaviour of ij/.
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As we shall show in this paper, the same holds, indeed, for an amplitude \j/ (t, •) e L2(R3, d3x) which must transform non-locally under boosts in order to leave its norm invariant. In other words, this means that the canonical quantization of the classical Hamil ton function 
does not lead to a covariant dynamics. The same is true, even, if we allow for a generalized coupling of the external fields to the dynamical vari ables of the particle, i.e., for a Hamiltonian Ht = c c)2 + ( p -ejc A,)2 + e Vt (5) with potential operators of the form
Here, A denotes the classical fields and K (q.p, x) is a coupling function which obeys j (dx) K (q,p, x) = 1.
Definition (6) is the most general way [10] of introduc ing the classical external potentials as operators on the particle's state space. In position space, it describes a non-local coupling between the amplitude ij/{t,x) 0932-0784 / 91 / 09 00 -945 $ 01.30/0. -Please order a reprint rather than making your own copy. and the fields A^(t,x). The standard form (3) is in cluded in (5) and (6) if the special choice K(q,p,x) = ö(q -x) is made.
II. Symmetrization
We start from the Hamiltonian (3) and shall consis tently work in the Heisenberg picture. Since the mo mentum p and the vector potential A are hermitean operators, the kinetic energy where
is hermitean and positive, where the square root is understood to be defined with the aid of the spec tral representation associated with the operator
. For simplicity, we write
for the kinetic energy and the kinetic momentum, re spectively. For a classical particle, there is no problem with the velocity dH cn (10) fy yj{m c)2 + k2
In contast, the quantum analog 1 v= tj[ q ,e J ( m c ) 2 + n2}="
involves a function of the vector operator n whose components may not commute with each other. In general terms, one must symmetrize the product of cn and [(mc)2+ 7r]_1/2. The latter contains arbitrary powers of k2 and, therefore, the required symmetriza tion procedure is somewhat sophisticated.
As an illustration we first consider a weakly rela tivistic particle in a magnetic field. The Hamiltonian 
n .n 2 = U n n 2 + n2 n) (13) denotes the ordinarily symmetrized product of the operators n and n2, and n .. (n2)2 ==£[*(ti2)2 + ti2 n n2 + (ti2)2 n ]^n . (tt2)2 (14) exemplifies a refined symmetrization of n and (ft2)2.
II a. Continuously Symmetrized Products
In order to find an expression for the commutator [q, y/(m c)2 + n2] we first note that for two operators a and b the identity 
which introduces the concept of a continuously sym metrized product (CSP) of an operator A with an oper ator function F(ß),
where F(B) and F(ß) are related to each other as in (16) . This continuous symmetrization is markedly dif ferent from the straight symmetrization illustrated by (13) . In particular observe that the functional depen dence of the operator F(B) on B enters the definition of the CSP explicitly. When the trace of an operator product is computed, it does not matter which sym metrization, if any, is used, (14) . The concept of CSP enables us to han dle not only commutators efficiently but also varia tions of functions of operators according to
Equations (18), (21) and (22) express a generalized chain rule for variations of operators. Note that (18) reduces to the familiar form
if a = q (position) and b -p (momentum). Before proceeding, let us extend the concept of CSP so that it applies to functions of a vector operator B = {Bt , B2, B3) as well. This is achieved by A ..F (B )= $(dß)F(ß)]doteiaP BA e i a~a)ß B, (23) o which is applicable if the components of B commute with one another. The functions F{B) and F(ß) are here related by
As statements corresponding to (18), (21) and (22) we have 
where E=E(t,q(t)) = -B -{V x A)(t,q(t)) dA FV+ -}(t,q(t)), are the operators of the external electric and magnetic fields. The two integro-differential equations (32) and (33) determine explicitly the time evolution of the dy namical observables q(t) and n(t).
As a further application we consider the time deriv ative of the particle density operator n(t,x) = Ö(q(t) -x) whose expectation value is the spatial probability density [13] . One way of evaluating the time derivative iŝ
which makes use of (18). Alternatively, we can expand the (^-function in the first line to obtaiñ
which is an application of (26). Consequently, we have obtained two candidates for the current density s(t, jc) that supplements the density n(t,x) such that the continuity equation 
to ÖE = \{dx){e(t,x)ÖV(t,x)-j(t,x)-ÖA(t,x)}.
Upon expressing E, g j as expectation values of H,en,es, respectively, this tells us that (37) is the right choice for 5. The essential ingredient in this reasoning is the variation öAH = -(n .e ö A )..w~1{n2),
which employs (27). So far, everything runs like in standard quantum theory, except for the appearance of continuously symmetrized products. However, as we shall see in the next section, it is exactly this symmetrization process which destroys the relativistic invariance of the the ory, due to higher powers of n2 in the kinetic energy.
III. (Non-)Invariance
The procedure that produced g and j can be carried through in any frame of reference. A necessary condi tion for relativistic invariance is, therefore, that the expressions obtained for the charge and current densi ties transform, as the potentials do, like the compo nents of a four-vector field. Unfortunately, this is not the case, as we now proceed to show. As a matter of fact, the densities n (t, jc) and s (r, jc) as in (37) or (38) do not even transform covariantly in the field-free situa tion. Let us look at these circumstances first.
For V = 0, A = 0 the operators holds. The choice is between 5(r, jc) = (7i. n (r, jc)) .. 1 (n2) = (7r.. n (r, jc)) .. w "1 (tc2) and s(t,jc) = ..n(t,x) = (n..w~l (n2))..n{t,x) (38) dr where the CSP refers to the functional dependence of n on the position operator q. The difference of the two s -s is, of course, sourceless.
Not surprisingly, the continuity equation alone does not uniquely identify the current density. A unique current is eventually found when the coupling of the particle to an external electromagnetic field is taken into account.
The change ÖE of the energy in response to varia tions of the external potentials V and A identifies the electric charge and current densities g and j according
obey the Lie Algebra rules of the orthochroneous Poincare group [14] , given that [qj, pk] = iöjk. There fore, under an infinitesimal boost to a frame moving at the velocity v = v e x, the density transforms as follows:
CXi a n vq i a7
where we have used the fact that (q x -x x) <5(gx -x j = 0.
From the right hand side of (42) we learn that the current density must have the form S( t,x ) = -^-.n ( t,x ) = -^.ö ( q ( t) -x ) .
(43) dr dr
On the other hand, we found s ( t,x ) =^-..S ( q ( t) -x ) dr up to a divergenceless contribution. This implies that £ 8 k = i 5xk dr -t t M i -X ) = Z T -= i dxk \ dr dgk (44) must hold. Here it suffices to evaluate ^-matrix ele ments on both sides to see that this condition is not obeyed for dq/dt = p/yjm 2 + p2. So the continuous symmetrization destroys the covariance of the formal ism, unless the velocity dq/dt is linear in the momen tum p, as in Dirac's theory for spin 1/2.
A different way of showing that the theory is not covariant, with no appeal to densities at all, is the following. When external fields are present, we require (i) that the kinetic energy n0, together with the kinetic momentum it, constitute a four vector n . Addition ally (ii), 7Tq and n have to fulfill the energy-momentum relation n0 -^/m2 + n2 in every frame of reference. Suppose that point (i) holds. Then, in a boosted system S' moving with velocity u relative to the original sys tem S, the new operators must have the form (45)
where the last equalities only hold for infmitesimally small u, and x denotes the proper time of the particle. Note that in the Heisenberg picture we transform the operators, whereas the states remain fixed. If, on the other hand, point (ii) is true, then one finds that the kinetic energy has to transform in the following way:
n'0(x )-n 0(x) = m2 + tt' (t)2 --jm 2 + tr (t)2 m2 + (n -u 7c0)2 -v 'm2 + 7
where we have argued for infmitesimally small u. In order to be in accordance with (45), the last term in (47) must be equal to -u n , which would imply (n. w (7T2)).. w "1 (n2) = n.(w (7r2).. w "1 (tt2)) = n. (48) As [7i, 7T 2] / 0, this will in general (that is: for F x A ^0) not be the situation. Note, that in the classical case (48) is trivially satis fied, as all operators commute. For the free particle, where n = p and w(7t2) condition (48) is obeyed as well ([/>, p2] = 0), as it must be, for the invari ance of the free relativistic Schrödinger equation is well known since the analysis of Wigner in 1939 [15] .
We close with a comment on non-local coupling. If, in a relativistic quantum theory for a single particle, we stick to the principle that the classical energymomentum relation = + n2 must hold for the corresponding operators, too, the only freedom we still have is to define the potential operators in a more general way.
An example is provided by introducing the classical potentials as operators on the state space of the particle by means of definition (6) , which intro duces a general coupling function K (q, p, x) relating the classical position x, as a variable of the classical Maxwell fields Acl (t, x), to the dynamical variables q,p of the quantum particle [16] .
However, as condition (48) does not refer explicitly to the definition of the potential operators, it will again only by satisfied as long as [ti, n2] -0, which again is inconsistent with the presence of magnetic fields [17] .
IV. Summary
The concept of continuously symmetrized operator products enables us to handle the non-local square root, as Hamiltonian of a relativistic spinless particle, formally in a straightforward manner. The operators for the velocity, the Lorentz-force, the current density etc., acquire, apart from the symmetrization involved, the same form as in classical theory. However, con cerning the transformation property of these operators under boosts, it is exactly the occurrence of the CSP, due to the dependence of the square root on higher powers of the kinetic momenta, which destroys the relativistic invariance of the theory. The same is true if we allow for a generalized non-local coupling of the potentials, at least as long as we demand that the energy-momentum relation has to be obeyed by the operators in the quantized theory, too.
